This paper preaents the analysis method of quasi-LPV models, comparing the ellipsoid set which contains the reachable set of a nonlinear system to determine which quasi-LPV model is less conservative to present the nonlinear dynamics. Quasi-LPV models are constructed from a nonlinear model using Merent methods, to facilitate synthesis of an LPV controller for the nonlinear system. The comparison results of the dosed-loop system performance with the synthesized LPV controllers correspond to the analysis results of quasi-LPV models.
Introduction
One of control schemes for nonlinear systems is a h e a r parameter varying (LPV) technique.'-s This approach is particularly appealing in that nonlinear plants are treated as linear systems with varying parameters. This allows linear control techniques to be applied to nonlinear systems. In applying LPV analysis and synthesis methodology to nonlinear systems, an LPV model of a nonlinear system is required to d e scribe the nonlinear dynamics Since an LPV controller is synthesized based on an LPV model and is applied to control the nonlinear system, it is important to choose which LPV model is used for synthesizing an LPV controller to lead a less conservative result.
There are different approaches to generate an LPV model from an analytic nonlinear model. Conventionally, an LPV model is constructed by the set of linearized models around equilibrium points. Another approach is state transformation which changes state coordinates to remove nonlinearity in the dynamics."s6 The other approach is function substitution which formulates nonlinear functions into quasi-LPV functional form!. ' The LPV models generated by these methods have been discussed in terms of accuracy to present a nonlinear dynamics by comparing time simulation results with the pr*defined input signals?s8 Comparison of the time responses is one of approaches to decide which LPV model will be used for LPV analysis and synthesis of a nonlinear system.
There are possibilities of existence for different LPV models to produce time responses of a nonlinear system accurately within ignorable error range. Therefore, in this case, comparison of the time simulation results of the LPV models is not sufficient to analyze the models.
In this paper, one approach is demonstrated to analyze LPV models to find which LPV model is less conservative to describe the nonlinear system. Different LPV models of a nonlinear system are provided U& ing different approaches.6*6z8 An ellipsoid set based on each LPV model is calculated to present the reachable set of the nonlinear system. The smallest ellipsoid set leads a less conservative LPV model to present the nonlinear system. Also, each LPV controller is synthesized based on each LPV model and is applied to control the nonlinear system.
In Section 2, a conventional LPV control synthesis methodology used in this paper is briefly summarized.
In Section 3, an analysis methodology of quasi-LPV models is presented. Calculating the smallest ellipsoid which contains a reachable set is formulated a linear matrix inequality optimization problem. In Section 4, an example of analysis of quasi-LPV models is demonstrated and also nonlinear simulations with synthesized LPV controllers are presented. This paper concludes with a brief summary in Section 5.
L P V Control Synthesis
Consider a generalized linear open-loop system aa functions of parameters p(t) E P. For a compact subset P C 7 7 , the parameter variation set denotes the set of all piecewise continuous functions mapping R (time) into P with a finite number of discontinuities in any interval, where s is the number of parameters. An LPV open-loop system can be written as A(P(t)) Bl(P(t)) BZ(P(t)) 
In an LPV synthesis methodology, suppose there is an LPV output feedback controller K ( p ) which stabilizes the closed-loop system exponentially and makes the induced &-norm of d to e less than 7. An LPV controller K ( p ) can be constructed from solutions of X E Rnxn and Y E F"'" of the following optimization p r~b l e m .~ 3 Analysis of Quasi-LPV model In this section, one approach to analyze an LPV model is presented in terms of the sizes of ellipsoids which contain a reachable set of a nonlinear system. Before we introduce an analysis method, a class of nonlinear systems used in this paper is defined as follows.
Consider a nonlinear system in which an input vector enters linearly. A nonlinear system can be written 
where a is a given positive constant. Assume that the reachable set of a nonlinear system is bounded. Here an initial point of z is defined as 0 without loss of generality. A quasi-LPV model of a nonlinear system can be produced with or without a bounded uncertainty block to capture nonlinear dynamics.
The reachable set of a quasi-LPV model is defined as
Thus, it is obvious that the reachable set %be is equal to G. 
(8)
Note that calculating the size and structure of A to validate equation (8) is out of this paper scope.
Suppose there exists a Lyapunov function V such
for every z(t) and u(t) satisfying equation (6) or equations (7). Then there exists the invariant sets {z I V(z) < 1) which contains the reachable set 'Rbe or 'Rbeu, according to each quasi-LPV model.
Singular Quadratic Lyapunov Function
In this section, an LMI optimization problem is formulated to calculate the smallest ellipsoid which contains the reachable set, using a singular quadratic Lyapunov function V(z) = zTPz. For the two cases: Case 1 and Case 2, the LMI optimization problems are formulated as follows. (13) is easily derived from -< &Ilu(t)lla and equation (7), using S-procedure! The set {z(t)lz(t)TPz(t) < 1,t > T} contain the reachable set Rbeu.
Parameter Dependent Lyapunov Function
In this section, the LMI optimization problem is formulated with the parameter-dependent Lyapunov function V ( z ) = zTP(z)z. LMI constraints are written for each case in the same manner of formulation of LMI constraints in equations (11) and (13).
as deviation from each trim point (zl0, z20, q,).
linear system is rewritten aa To use a function substitution m e t h~d , B *~ the non-. , . ,
For Case 1:
The nonlinearity in equation (19) is substituted for a function in a quasi-LPV form.
P > O , t > o ,
Here, a trim point is set as (zl.,, zz0) = (11, 1). Note that the definition of states of this auasi-LPV model is where
Mp. = AT(z)P(z) + P ( z ) A ( z ) + t c T ( z ) C , ( z ) + P (~) .
deviation from the trim point.
A quasi-LPV model of the nonlinear system can be Using the LMI optimization, the smallest ellipsoid to generated by changing state coordinates4 capture the reachable set of the nonlinear dynamics can he calculated. To solve the LMI optimization prob lem, the basis functions of P ( z ) are required. The details of solving the LMI with P(z) will be explained in the next section. Note that the size of the set {~l z ( t )~P ( z ( t ) ) z ( t ) < 1) is not easy to calculate since it is not an ellipsoid set. The quasi-LPV models are simulated for several input signal sets. The performance index, J, for all quasi-LPV models is less than lo-' for several different input cases, respectively. For space limitations, the time responses of quasi-LPV models are omitted. All quasi-LPV models can present all state dynamics of the nonlinear system very accurately. Therefore, comparing performance index is not sufficient to choose which quasi-LPV model will be used for LPV controller synthesis.
Reachable Set
4.3.1 Singular Quadratic Lyapunov Function: Assume a Lyapunov function V ( x ) = xTPz, P E W"'" is used to calculate the smallest set {xlxTPz < 1) which contains the reachable set of the nonlinear system. Consider a quasi-LPV model for Case 1. LMI constraints are evaluated at the following grid points: Also, bounded energy inputs are required to solve the LMI optimization problems. Hereafter, the bounded energy inputs are defined J:utu 5 0.2 in this example.
The solution matrix P of the LMI optimization problem is calculated, based on each quasi-LPV model. The ellipsoids corresponding to the solution matrix P are shown in Figure 1 for each quasi-LPV model. In Fig-22' E {0.1,0.5,0.9,2,3,4 Q-LPVJ) . Thus, the function substitution quasi-LPV model is less conservative than the quasi-LPV model generated by Jacobian linearization to contain the reachable set of the nonliuear system. Since one of eigenvalues of the quasi-LPV model generated by state transformation is 0 for all grid points, it is not computationally tractable to calculate the size of the ellipsoid to contain the reachable set.
Hereafter, we discuss quasi-LPV models generated by Jacobian linearization and function substitution methods.
Consider that a quasi-LPV model for Case 2. Here, unmodeled dynamics is assumed as an input multiplica- In this example, adding unmodeled dynamics in quasi-LPV models does not change the comparison r e sult that the function-substitution quasi-LPV model is less conservative to present the nonlinear dynamics than the Jacobian-linearization quasi-LPV model. 
(30)
The boundary of the set {zjzTP(z)z < I} to contain the reachable set Rb. is shown in Figure 3 . The solid line in Figure 3 represents the boundary noted that the set {zlV(z) < 1) using the parameterdependent Lyapunov function is smallex than using singular quadratic Lyapunov function. This result corresponds to that LPV control synthesis methodology using the parameter-dependent Lyapunov function leads a less conservative result than using the singular quadratic Lyapunov functionJa The dashed-dot line in Figure 3 represents the set {zlzTP(s)z < 1) calculated based on the Jacobian-linearization quasi-LPV model. It is observed that the function-substitution quasi-LPV model is leas consenmtive than the Jacobianlinearization quasi-LPV model to present the reachable set of the nonlinear system. The analysis of quasi-LPV models with an uncertainty block leads the same result that the function-substitution quasi-LPV model is less conservative. The plots of the calculated sets are omitted for space limitation. The LPV controllers are synthesized for each quasi-LPV model with same weight functions, using standard s o h a r e from the MATLAB LMI toolbox.'s There are two generated LPV controllers (Q-LPVJ, Q-LPVf) according to two quasi-LPV models.
The responses to step change in command from -1 to 5 of the closed-loop system are shown in Figure 5 . ysis results of LPV models. It is noticed that the quasi-LPV model generated by the function substitution is less conservative. It is not known that the function substitution method can always generate a less comervative quasi-LPV model in terms of an ellipsoid which contains the rea, +hle set.
Conclusion
In this paper, one approach to compare quasi-LPV modela which present a nonlinear system is demonstrated in terms of the smallest set which contains the reachable set of the nonlinear system. Based on the size of the set, it is possible to decide which quasi-LPV model is less conservative to present the reachable set.
The quasi-LPV models of a nonlinear system are generated by ditrerent methods (Jacobian linearization, state transformation, and function substitution) to facilitate to design an LPV controller of the nonlinear system and to analyze each model. LPV controllers are synthesized based on each quasi-LPV model and simulated with the nonlinear system to compare the closed-loop performance. The performance results correspond to the results of comparing the size of the set calculated based on each quasi-LPV model. Based on the analysis results of quasi-LPV models, it is possible to choose which LPV model is used for LPV controller synthesis of a nonlinear system.
